We show various properties of smooth projective D-affine varieties. In particular, any smooth projective D-affine variety is algebraically simply connected and its image under a fibration is D-affine. In characteristic zero such D-affine varieties are also uniruled.
Introduction
Let X be a scheme defined over some algebraically closed field k. Let D X be the sheaf of k-linear differential operators on X. A D X -module is a left D X -module, which is quasi-coherent as an O X -module. X is called D-quasi-affine if every D X -module M is generated over D X by its global sections. X is called D-affine if it is D-quasi-affine and for every D X -module M we have H i (X, M) = 0 for all i > 0.
In [2] Beilinson and Bernstein proved that every flag variety (i.e., a quotient of a reductive group by some parabolic subgroup) in characteristic 0 is D-affine. This fails in positive characteristic (see [16] ), although some flag varieties are still D-affine (see, e.g., [12] , [20] and [34] ). However, there are no known examples of smooth projective varieties that are D-affine and that are not flag varieties. In [37] Thomsen proved that any smooth projective toric variety that is D-affine is a product of projective spaces.
Note that O X has a canonical structure of a D X -module coming from the inclusion D X ⊂ End k O X . In particular, if X is a D-affine variety then H i (X, O X ) = 0 for all i > 0. This shows that a smooth projective curve is D-affine if and only if it is isomorphic to P 1 . However, in higher dimensions this restriction is essentially the only known condition that must be satisfied by D-affine varieties. In the first part of this note we show some other properties of smooth projective D-affine varieties. In particular, we prove the following theorem: THEOREM 0.1. Let X be a smooth projective variety defined over an algebraically closed field k. Let us assume that X is D-affine. Then the following conditions are satisfied:
1. π´e t 1 (X) = 0.
All left D X -modules, which are coherent as O X -modules, are direct sums of finitely many D X -modules isomorphic to the canonical D X -module O X .
3. X does not admit any dominant rational map to a curve of genus ≥ 1.
If f :
X → Y is a surjective morphism to some projective variety Y then R i f * O X = 0 for i > 0.
If f : X → Y is a fibration over a smooth projective variety Y then Y is D-affine.

If f : X → Y is a fibration then Y does not admit any divisorial contractions.
If char k = 0 and then X is uniruled.
Proof of parts 1 and 2 of Theorem 0.1 is divided into two cases depending on the characteristic of the base field. In case of characteristic zero the theorem follows from Theorem 3.13. The proof depends on reducing to the study of unitary representations of the topological fundamental group of X. In positive characteristic Theorem 0.1 follows from Theorem 3.16. Here we use interpretation of D X -modules as stratified bundles. Part 3 follows from part 1 and Proposition 1.7. Part 4 follows from the fact that for any effective divisor D the module O X ( * D) carries a natural D X -module structure (see Proposition 3.3). Part 5 follows from part 4 and a non-trivial calculation in some derived categories (see Corollary 3.10) . The same fact as in proof of part 4 is used in the proof of part 5 (see Lemma 3.1). The last part of the theorem is an application of Miyaoka's theorem [29, Corollary 8.6 ] on generic semipositivity of the cotangent bundle of a non-uniruled variety (see Proposition 3.12 and Remark 3.4). In fact, this part of Theorem 0.1 suggests that X should be rationally connected. This problem is studied in Subsection 3.3, but here we obtain only a partial result on the maximal rationally connected fibration of a D-affine variety.
Part 3 of Theorem 0.1 says that the only smooth projective curve, which is dominated by a smooth projective D-affine variety, is P 1 . In the second part of the paper we prove that, except possibly for some small characteristics, all smooth projective surfaces that are images of smooth projective D-affine varieties are flag varieties: THEOREM 0.2. Let X be a smooth projective variety defined over an algebraically closed field k and let f : X → Y be a fibration over a smooth projective surface. If char k = 0 or char k > 7 and X is D-affine then f is flat and Y = P 2 or Y = P 1 × P 1 .
We prove a slightly more precise result in Section 5. Let us mention that recently D. Rumynin in [33] proved that the only D-affine rational surfaces are flag varieties.
In characteristic 0 the above classification result follows from Theorem 0.1. However, the positive characteristic case is more delicate and we need the following positive characteristic version of Miyaoka For the definition and basic properites of generically semipositive sheaves in positive characteristic see Subsection 2.2. The most important property is its good behaviour under various tensor operations like symmetric or divided powers.
The only known result on generic semipositivity of cotangent bundle for non-uniruled varieties in positive characteristic concerns varieties with trivial canonical divisor (see [22, Theorem 0.1] ). However, it does not say anything about the most interesting case of varieties of general type. This is covered by the above theorem but only in the surface case. The higher dimensional version seems to require different techniques. A more precise version of Theorem 0.3 is contained in Theorem 4.3. We show that this generalization is optimal (see Subsection 4.1 and Remark 4.2).
The structure of the paper is as follows. In Section 1 we recall some auxiliary results. In Section 2 we prove several facts about tensor operations and generic semipositivity of sheaves in positive characteristic. In Section 3 we prove Theorem 0.1. In Section 4 we study uniruledness of surfaces in positive characteristic proving a generalization of Theorem 0.3. Finally, in Section 5 we use these results to study smooth projective surfaces that are images of D-affine varieties, proving a generalization of Theorem 0.2. We also make some remarks on the case of D-affine 3-folds.
Notation
Let X and Y be algebraic varieties defined over an algebraically closed field.
A divisorial contraction is a proper birational morphism f : X → Y , which contracts some divisor D to a subscheme of codimension ≥ 2 and that is an isomorphism outside of D.
A fibration is a morphism f : X → Y such that f * O X = O Y (in particular, we allow f to be the identity or a birational morphism).
Let us assume that X is a smooth projective variety and let us fix an ample divisor H on X. If E is a torsion free coherent O X -module then by µ max,H (E) we denote the slope of the maximal destabilizing subsheaf of E (with respect to H). Similarly, we use µ min,H (E) to denote the slope of the minimal destabilizing quotient of E. When it is clear from the context which polarization is used, we omit H in the notation and write µ max (E) and µ min (E) instead of µ max,H (E) and µ min,H (E), respectively.
D-affinity
We will often use the fact that if X is D-affine and M = 0 is a D X -module then Γ(X, M) = 0. This follows immediately from the definition of a D-quasi-affine variety. In fact, we have the following more general proposition (see, e.g., [14 
is an equivalence of categories with a quasi-inverse given by
The following lemma is well-known (see [12, Proposition 2.3.3] ), but we recall its proof for the convenience of the reader. It is an analogue of the fact that a quasi-affine variety X is affine if and only if
Proof. By Grothendieck's vanishing theorem for every D X -module M we have H i (X, M) = 0 for i larger than the dimension of X. So it is sufficient to prove that for n ≥ 1 if for all D X -modules M we have
is globally generated as a D X -module we have a short exact sequence
for some D X -module N. From the long exact cohomology sequence we have
which proves the required implication.
The following lemma is a small generalization of [37 
Mod is an equivalence of categories by Proposition 1.4). Now if we assume that X\U has pure codimension 1 in X then j is an affine morphism, so
for all i > 0. The last part follows from the criterion similar to the one from Lemma 1.5.
Simply connected varieties
In proof of Theorem 0.1 we need also the following proposition: PROPOSITION 1.7. Let X be a smooth projective variety defined over an algebraically closed field k. If π´e t 1 (X) = 0 then X does not admit any dominant rational map to a curve of genus ≥ 1. Moreover, if there exists a fibration f : X → P 1 then it has at most two multiple fibers.
Proof. Let f : X C be a dominant rational map to a smooth projective curve C. Note that f is defined on an open subset U such that the complement of U in X has codimension ≥ 2. Then π´e t 1 (U) = 0 by [36, Exposé X, Corollaire 3.3] . Taking normalization of the graph of f we can find a normal projective varietyX, a birational morphismX → X, which is an isomorphism over U, and a morphismf :X → C. Note that π´e t 1 (U) → π´e t 1 (X) is surjective, soX is algebraically simply connected. Let us consider the Stein factorization offf :
D is a smooth projective curve and g * O X = O D , i.e., g is a fibration. Then we have a surjective map π´e t 1 (X) → π´e t 1 (D). Therefore π´e t 1 (D) = 0 and we get D = P 1 . In particular, C = P 1 and h is a finite covering. Now let us assume that f : X → C = P 1 is a fibration and let us consider all the points Q i ∈ P 1 such that f has multiple fibres of multiplicity m i over Q i .
If k = C then we have a surjective map from π top 1 (X) to the orbifold fundamental group π orb 1 (C f ) of C with respect to f (see [23, 2 Semistability and generic semipositivity of sheaves.
Let us fix a normal projective variety X defined over an algebraically closed field k and an ample divisor H on X. In this section we gather several facts about strong semistability of sheaves in positive characteristic. These facts are well known to the author, but unfortunately their proofs have not been properly written.
Bounds on semistability of tensor products
If char k = p then we denote by F X : X → X the absolute Frobenius morphism.
Let E be a torsion free coherent O X -module. Then we define
Similarly, we can define L min,H (E). Both L max,H (E) and L min,H (E) are well defined rational numbers (see [21, 2.3] ). We say that E is strongly slope H-semistable if L max,H (E) = µ max,H (E).
Let ρ : GL(r) → GL(s) be a representation mapping the centre of GL(r) to the centre of GL(s).
If E is a rank r torsion free coherent O X -module then its reflexivization E * * is locally free on an open subset j : U ֒→ X such that its complement in X has codimension ≥ 2. Let P be a principal GL(r)-bundle on U associated to j * (E * * ) and let P ρ be the principal GL(s)-bundle on U obtained from P by extension of structure group via ρ. We can associate to P ρ a rank s locally free O U -module E ρ . Then we set E ρ = j * E ρ . By definitionÊ ρ is a reflexive sheaf.
In the following we will need the following theorem of Ramanan and Ramanathan (see [21, Theorem 4.9] For two torsion free coherent O X -modules E 1 and E 2 we denote by E 1⊗ E 2 be the reflexivization of
and E⊗ j = E⊗...⊗E, where E appears in the product j times. Note that the j-th divided power Γ j E = (S j E * ) * is already reflexive so we do not introduce a new notation for its reflexivization. As a corollary of the above theorem one gets the following result: Proof. The first part is obtained by applying Theorem 2.1 to the corresponding representation, e.g., E nd O X E is equal toÊ ρ for the adjoint representation of GL(r), andŜ j E is equal toÊ ρ for the symmetric representation GL(r) = GL(V ) → GL(S j V ). To prove the second part let us note that if det
. Now let r i be the rank of
2 are as in the previous case so their tensor product is strongly slope H-semistable. This implies that E 1⊗ E 2 is also strongly slope H-semistable. Now let us consider the general case. By the Bloch-Gieseker covering trick (see [4, Lemma 2.1]) there exists a normal projective varietyX and a finite flat surjective covering f :X → X together with line bundle
The following theorem is a corollary of the Ramanan-Ramanathan theorem and the author's results (see also [21, 2.3.3] 
Let E be a torsion free coherent
Proof. By [21, Theorem 2.13] for all large m ≥ 0 the quotients of the Harder-Narasimhan filtrations of
has a filtration whose quotients agree with tensor products gr
outside of a closed subset of codimension ≥ 2. By Corollary 2.2 all these quotients are strongly H-semistable. Hence we have
Hence we get the first equality. The analogous equality for L min is proven in an analogous way. The proof of the second part of the theorem is similar. Let us first consider the case of the symmetric powers. By [21, Theorem 2.13] for large m ≥ 0 all the quotients of the Harder-Narasimhan filtration F m • of (F m X ) * E are strongly slope H-semistable. Assume that there are exactly s factors in this filtration. Then S i ((F m X ) * E) has a filtration with quotients isomorphic outside of a closed subset of codimension ≥ 2 tô 
. Equality for L min is analogous. Now the equality for divided powers follows from
and similar equalities for L min .
Generically semipositive sheaves
Let X be a smooth projective variety defined over an algebraically closed field k and let H be a fixed ample divisor on X. The following definition comes from [22, Definition 1.6].
If char k = 0 then this definition coincides with the usual definition of generically H-semipositive sheaves. Let us also recall that in positive characteristic it is not known if the restriction of a generically H-semipositive sheaf to a general complete intersection curve C ∈ |m 1 H| ∩ ... ∩ |m n−1 H| with m i ≫ 0 is still generically semipositive. However, generically semipositive sheaves are still well behaved with respect to tensor operations, etc. More precisely, generically semipositive sheaves satisfy the following properties: Proof. The first assertion follows from the fact that
The second and third assertion follow directly from Theorem 2.3.
3 Proof of Theorem 0.1
In this section we prove Theorem 0.1. We start with the following lemma that proves part 6. 
Proof. Let us set
Since D ⊂ X\U this contradicts Lemma 1.6. Now assume that Y admits a birational morphism g : Y → Z onto a normal variety Z and the exceptional locus E of g has codimension 1.
1. If g : Y → Z is a birational morphism, Z is normal and locally Q-factorial then the exceptional locus has pure codimension 1, so we can apply the above corollary. Proof. Let L be a very ample line bundle on Y . Let t ∈ H 0 (Y, L) be a general section and let H be its zero divisor. Note that this implies that for every i ≥ 0 we have a short exact sequence
Let us set F = f * H. Let U = X\ Supp F and let j : U ֒→ X be the corresponding embedding. Then
By the projection formula we get
Hence by Serre's vanishing theorem H r (Y, R s f * O X (nF)) = 0 for r > 0 and all large n. For such n the Leray spectral sequence
degenerates. Hence we get the commutative diagram
in which the upper horizontal map in induced from the inclusion O X (nF) ⊂ O X ((n + 1)F) and the lower horizontal map is induced by t. In particular, by our assumptions the lower horizontal map is injective.
But then
where the transition maps in the direct system {H 0
nonzero for some i > 0 then the limit is nonzero, a contradiction. [24, Section 4] ). Namely, let n ≥ 2 and let X be the zero scheme x 0 y m 0 + ... + x n y m n = 0 in P n × P n . Let f : X → P n be the projection onto the first factor and let F be any fiber of f . A short exact sequence
If
By D QCoh (O X ) we denote the (unbounded) derived category of the category of quasi-coherent O Xmodules. 
Proof. Let us recall that for any bounded complex C • of quasi-coherent O X -modules we have a spectral sequence E i j
Let M be any D Y -module. Let us recall that by assumption M is quasi-coherent as an O Y -module. Applying the above spectral sequence to L f * M (which is represented by a bounded complex of quasi-coherent O Xmodules) we get E i j
Note that L j f * M are quasi-coherent O X -modules carrying a left D X -module structure (see [14, 1.5] for characteristic 0 and [13, Section 2] for the positive characteristic case). Hence by D-affinity of X we have H i (X, L j f * M) = 0 for all i > 0 and any j. So the above spectral sequence degenerates to 
in D QCoh (O Y ) (here let us recall that to prove the projection formula for quasi-coherent O Y -modules one needs to use unbounded derived categories). In particular
Hence the Leray spectral sequence 
It follows that
Hence by the projection formula there exist natural isomorphisms
Hence by D-affinity of X we have
which finishes the proof of D-affinity of Y . The proof of the remaining parts of Theorem 0.1 is divided into two cases depending on the characteristic of the base field.
Theorem 0.1 in the characteristic zero case
In this subsection we prove parts 1, 2 and 7 of Theorem 0.1 in case the base field k has characteristic zero. 
Proof. Let us fix an ample line bundle
where D ≤i X denotes the sheaf of differential operators of order ≤ i. In particular, there exists some i ≥ 0 such that Γ(X,
If X is not uniruled then by Miyaoka's theorem [29, Corollary 8.6 ] Ω X is generically semipositive. In other words, for any fixed ample polarization we have µ min (Ω X ) ≥ 0. Since tensor operations on semistable sheaves preserve semistability, this inequality implies that µ min (S j Ω X ) ≥ 0 (see Theorem 2.3). But then µ max (S j T X ) ≤ 0, which contradicts the fact that S j T X contains an ample line bundle.
Without loss of generality we can assume that k = C. If X is smooth complex projective variety and X is D-affine then O X has only one structure of a D X -module as h 0 (X,
is usually not a map of D X -modules. The idea behind the proof of the following theorem is that if M is a locally free O X -module of finite rank underlying a unitary representation then this map is a non-trivial map between slope semistable bundles of degree 0 (with respect to some polarization) and we get enough information to prove the required assertion. Proof. Since π´e t 1 (X) is a profinite group, if π´e t 1 (X) = 0 then there exists a non-trivial finite group G and a surjective morphism π´e t 1 (X) → G. Taking, e.g., a regular representation k[G] of G we get a non-trivial linear representation of π´e t 1 (X). Since any representation of a finite group is unitary and it splits into a direct sum of irreducible representations, there exists also a non-trivial irreducible unitary representation π top 1 (X) → GL(V ) in some complex vector space V . The Riemann-Hilbert correspondence associates to this representation a vector bundle E with an integrable connection ∇. Since the representation is unitary, the stable Higgs bundle corresponding to (E, ∇) via Simpson's correspondence is simply E with the zero Higgs field. In particular, E is slope stable (with respect to any ample polarization) as a torsion free sheaf. Since ∇ corresponds to a left D X -module structure on E, D-affinity of X implies that Γ(X, E) = 0. But we know that E has vanishing rational Chern classes, so any non-zero section gives a map O X → E, which must be an isomorphism as E is stable of degree 0. But then the corresponding representation is trivial, a contradiction. This shows that π´e t 1 (X) = 0. A well-known result due to Malcev [27] and Grothendieck [10] shows that there are no nontrivial flat bundles on X. More precisely, since the topological fundamental group π top 1 (X) is finitely generated and its profinite completion π´e t 1 (X) is trivial, by [10, Theorem 1.2] all finite dimensional representations of π top 1 (X) are also trivial. But by the Riemann-Hilbert correspondence such representations correspond to flat vector bundles.
Let us recall that every D X -module, which is coherent as an O X -module, is locally free as an O Xmodule (see [3, 2.15 and 2.17] or [14, Theorem 1.4.10]). Moreover, giving a left D X -module structure extending a given O X -modules structure is equivalent to giving an integrable connection. So left D Xmodules, which are coherent as O X -modules, correspond to flat vector bundles. These we showed to be trivial (i.e., isomorphic to a direct sum of factors isomorphic to (O X , d) ).
Remark 3.14. Proof of the first part of Theorem 3.13 can be obtained also in another way that we sketch here. Namely, if f : Y → X is a finiteétale covering and Y is connected then f * O Y is numerically flat. Therefore E = f * O X /O Y is also numerically flat, so it admits a D X -module structure. The short exact sequence
gives a short exact sequence
In characteristic zero this follows from the fact that the map O X → f * O Y is split. Hence we have Γ(X, E) = 0. If X is D-quasi-affine this shows that E = 0, so f is a trivial covering. A similar argument works also in the positive characteristic case except that we need H 1 (O X ) = 0 to assure that the sequence of sections is exact. We decided to give different arguments in both cases for two reasons. The first one is that the above argument in characteristic zero seems to give more insight into the proof (cf. proof of Proposition 3.12). The second reason is that in positive characteristic this argument gives Theorem 3.16 only if one uses difficult [6, Theorem 1.1]. In our proof of Theorem 3.16 we do not need to use this result.
Remark 3.15. Proof of the first part of Theorem 0.1 can be simplified with respect to that of Theorem 3.13 as we have stronger assumptions (cf. proof of Corollary 3.8).
Theorem 0.1 in the positive characteristic case
In this subsection we prove parts 1 and 2 of Theorem 0.1 in case the base field k has positive characteristic. As before, 3 follows from 1 and Proposition 1.7.
Let X be a smooth variety defined over an algebraically closed field of positive characteristic. A stratified bundle {E n , σ n } n∈Z ≥0 on X is a sequence of locally free O X -modules E n of finite rank and O Xisomorphisms σ n : Proof. It is sufficient to prove that every stratified bundle E = {E n , σ n } n∈Z ≥0 is a direct sum of the stratified bundles isomorphic to the stratified bundle ½ X , corresponding to the
is a stratified bundle, we also have Γ(X, E m ) = 0 for all m ≥ 0. By [6, Proposition 2.3] there exists some m ≥ 0 such that E(m) is a successive extension of stratified bundles U = {U n , τ n } n∈Z ≥0 such that all U n are slope stable of slope zero. By the same arguments as above Γ(X,U n ) = 0, so U n ≃ O X . But the sequence {O X } n≥0 admits only one structure of a stratified bundle (up to an isomorphism of stratified bundles), so Theorem 15] shows that E(m) is a direct sum of stratified bundles isomorphic to ½ X . But then E is also a direct sum of stratified bundles isomorphic to ½ X . This proves the second part of the theorem. Now equality π´e t 1 (X) = 0 follows from [7, Proposition 13].
Maximal rationally connected fibrations of D-affine varieties
In this subsection we study maximal rationally connected fibrations of D-affine varieties in the characteristic zero case. First we prove a generalization of Proposition 3.12 that allows us to deal with rational maps. Let X be a smooth complete variety defined over an algebraically closed field k of characteristic 0. Let Y be a normal projective variety defined over k and let X 0 ⊂ X and Y 0 ⊂ Y be non-empty open subsets. Let Miyaoka used this criterion to prove that if X is a smooth projective variety defined over an algebraically closed field of characteristic zero then the cotangent bundle of X is generically semipositive unless X is uniruled (see [29, Corollary 8.6] ). Unfortunately, Miyaoka's criterion of uniruledness does not work in positive characteristic (see the next subsection). However, we give a certain generalization of this criterion that works in the surface case in an arbitrary characteristic (see Theorem 4.3).
Ekedahl's example revisited
Here we give an example of a non-uniruled surface of general typeX such that ΩX is not generically semipositive for some ample polarizations. In particular, suchX has an unstable tangent bundle.
Let Y be a smooth projective surface defined over a field k of characteristic p. Let L be a very ample line bundle on Y and let 
In fact, the first map is the pull-back of an O Y -linear map ds : L −p → Ω Y defined locally by the property that if τ ∈ L −1 is a local generator then (ds)(τ p ) = d(sτ p ). Our assumptions imply that X is integral and ϕ is purely inseparable, but X is usually singular. It is singular exactly over the set of points where ds ∈ H 0 (Y, L p ⊗ Ω Y ) vanishes (such points are called critical), as at such points the cokernel of L −p → Ω Y is not locally free. We always have K X = ϕ * (K Y + (p − 1)L) but X can be non-normal in general (this happens if and only if the set of critical points of ds has codimension 1 in Y ). Now assume that Y is an abelian surface and L is 2-jet generated (i.e., at every point x ∈ X the evaluation
x is surjective). Note that this last condition can be always arranged (e.g., if H is ample and globally generated on Y then 4H is 2-jet generated).
Then K X is ample but X is always singular because the cokernel of ds cannot be locally free (this can be seen by a simple computation of c 2 (Ω Y )). However, our assumptions on L imply that a general section of H 0 (Y, L) has only a finite number of nondegenerate critical points (see [19, Chapter V, Exercise 5.7] ). Therefore X is normal and the cokernel of ds is torsion free. Let us write the cokernel of ds as I Z L p for some 0-dimensional scheme Z.
Let f :X → X be a resolution of singularities. Then the canonical map f * Ω X → ΩX is generically an isomorphism, so we have an injective map
This shows that ΩX has a quotient that is rank 1 torsion free sheafL with first Chern class of the form
Clearly, the same inequalities hold for ample polarizations of the form f * ϕ * L−(small f -exceptional divisor). ThereforeX is a surface of general type and ΩX is not generically H-semipositive for some ample H, even thoughX is non-uniruled (as it admits a generically finite map onto an abelian surface). 
Generic semipositivity of cotangent bundle in positive characteristic
The following theorem is a positive characteristic version of Miyaoka's generic semipositivity theorem. 
Proof. By Theorem 4.1 we have K X H ≥ 0. Let us assume that Ω X is not generically H-semipositive.
is a subsheaf of S mp T X , so it is sufficient to prove that if for some j ≥ 1 the j-th symmetric power S j T X of the tangent bundle contains a line bundle L such that LH > 0 then T X is not slope H-semistable and 0
By assumption there exists some j > 0 such that S j T X ⊗ L −1 has a non-zero section. This section gives rise to an effective divisor D ∈ |O P(T X ) ( j) − π * L|, where π : P(T X ) → X denotes the projective bundle. Let us write D as a sum
where a i > 0 and D i are irreducible and reduced divisors. Since Pic (P(T X )) is generated by O P(T X ) (1) and π * Pic X, for each i = 1, ..., m we can find n i ≥ 0 and line bundles
By the adjunction formula we have
Using the Leray-Hirsch formula we get
By the Miyaoka-Mori theorem if K D i π * H < 0 then D i is uniruled (note that π * H is only nef, but we can always find an ample divisor
and hence µ max (T X ) > 0. Since K X H ≥ 0, T X is not slope H-semistable and the maximal destabilizing subsheaf M ⊂ T X has rank 1. By assumption MH > 0. Let us note that Hom( 5 D-affine varieties in low dimensions
Surfaces that are images of D-affine varieties
The main aim of this section is to prove the following slightly more precise version of Theorem 0.2. Y has a non-zero section. Therefore by Theorem 2.3
Then by Theorem 4.3 T Y contains a saturated line bundle M such that K 2 Y ≥ (p − 1)MK Y > 0. In particular, we have K 2 Y ≥ p − 1. But K 2 Y ≤ 9, which implies p ≤ 7. Now let us assume that Y is uniruled. Let us consider the maximal rationally chain connected fibration g : Y Z (see [19, IV.5] ). Since Y is uniruled, we have dim Z ≤ 1. If dim Z = 0 then Y is rationally chain connected. But since dimY = 2, Y is rational, a contradiction. So Z is a curve. By Proposition 1.7 Z = P 1 , which again implies that Y is rational (by the analogue of Lüroth's theorem in dimension 2), a contradiction. 
